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Abstract
We study the behavior of geodesics in the plane-fronted wave background of the
three-dimensional (3D) gravity with propagating torsion, which possesses only massive
degrees of freedom. We discover the velocity memory effect, in contrast to the current
belief that its existence is due to the presence of soft particles.
1 Introduction
Memory effect for gravitational waves was first discovered by Zeldovich and Polnarev [1]
and got its name by Braginsky and Grishchuk [2]. The conclusion of [1, 2] is that test
massive particles, initially at rest, will suffer permanent displacement after the passage of
gravitational wave. For this reason this displacement is called memory effect.
The memory effect [1, 2] is described in linear approximation. A non-linear contribution
to the memory effect is discovered in reference [3], for less technical derivation see [4].
In the recent years we witnessed a great new discoveries connecting asymptotic symme-
tries, soft theorems and displacement memory effect [5]. This line of reasoning applied to
the black holes [6], offers new insights into black hole physics.
Permanent displacement implies that relative velocity of test massive particles is zero.
This conclusion is questioned in references [7, 8], where velocity memory effect is derived
on the contrary to displacement memory effect. The main result of [7, 8] is that passage of
gravitational wave will be encoded not in the permanent displacement, but in the non-zero
relative velocity of test masses. For recent development on velocity memory effect see [9]
where, among other things, authors concluded that velocity memory effect is connected with
soft gravitons.
The goal of this paper is to investigate if there is a memory effect for gravitational
waves within the framework of Poincare´ gauge theory [10, 11, 12]. We shall consider the
the solutions of the 3D gravity with propagating torsion [13, 14], theory which all modes
are massive. If the current understanding that soft modes are crucial ingredient was correct
there should be no memory effect.
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The paper is organized as follows. First, we review the theory of gravity under consid-
eration and its gravitational pp wave solutions. Next we derive the geodesic equations in
this pp wave space-time. After that we investigated the solutions of this equations. Un-
fortunately, the geodesic equations are not analytically solvable except in a very special
case, which we also analyze, so we solved them numerically for some choices of coefficient
functions.
Our conventions are as follows. The Latin indices (i, j, ...) refer to the local Lorentz
(co)frame and run over (0, 1, 2), bi is the tetrad (1-form), hi is the dual basis (frame), such
that hi b
k = δik; the volume 3-form is ˆ = b
0 ∧ b1 ∧ b2, the Hodge dual of a form α is ?α,
with ?1 = ˆ, totally antisymmetric tensor is defined by ?(bi ∧ bj ∧ bk) = εijk and normalized
to ε012 = +1; the exterior product of forms is implicit.
2 Riemannian pp waves
In this section, we give an overview of Riemannian 3D pp waves. For details see [13].
2.1 Geometry
The metric of th pp waves can be written as
ds2 = du(Sdu+ dv)− dy2 , (2.1a)
where
S =
1
2
H(u, y) , (2.1b)
Next, we choose the tetrad field (coframe) in the form
b0 := du , b1 := Sdu+ dv , b2 := dy , (2.2a)
so that ds2 = ηijb
i ⊗ bj, where ηij is the half-null Minkowski metric:
ηij =
 0 1 01 0 0
0 0 −1
 .
The corresponding dual frame hi is given by
h0 = ∂u − S∂v , h1 = ∂v , h2 = ∂y . (2.2b)
For the coordinate xα = y on the wave surface, we have:
xc = bcαx
α = y , ∂c = hc
α∂α = ∂y ,
where c = 2.
Starting from the general formula for the Riemannian connection 1-form,
ωij := −1
2
[
hi dbj − hj dbi − (hi hj dbk)bk
]
,
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one can find its explicit form; for i < j, its nonvanishing component reads:
ω12 = −∂yS b0 . (2.3a)
Introducing the notation i = (A, a), where A = 0, 1 and a = 2, one can rewrite ωij in a
more compact form:
ωAc = kAb0∂cS , (2.3b)
where ki = (0, 1, 0) is a null propagation vector, k2 = 0.
The above connection defines the Riemannian curvature
Rij = 2b0k[iQj] , (2.4a)
where
Q2 = ∂yySb
2 (2.4b)
The Ricci 1-form Rici := hm Ric
mi is given by
Rici = b0kiQ , Q = hc Q
c =
1
2
∂yyH, (2.5a)
and the scalar curvature vanishes
R = 0 . (2.5b)
2.2 Dynamics
2.2.1 pp waves in GR
Starting with the action I0 = −
∫
d4x(a0R+ 2Λ0), one can derive the GR field equations in
vacuum:
2a0G
n
i = 0 , (2.6)
where Gni is the Einstein tensor. As a consequence, the metric function H must obey
∂yyH = 0 . (2.7)
However, the solution of this equation is trivial:
H = C(u) + yD(u) ,
since the corresponding radiation piece of curvature vanishes.
3
3 pp waves with torsion
3.1 Geometry of the ansatz
We assume that the form of the triad field (2.2) remains unchanged, whereas the connection
is
ωij = ω˜ij +
1
2
εijmk
mknb
nG , (3.1a)
G := S ′ +K . (3.1b)
Here, the new term K = K(u, y) describes the effect of torsion, as follows from
T i := ∇bi = 1
2
Kkikm
?bm . (3.2)
The only nonvanishing irreducible piece of T i is its tensorial piece:
(1)T i = T i ,
while the curvature is
Rij = εijmkmk
n?bnG
′ ,
Rici =
1
2
kikmb
mG′ ,
R = 0 . (3.3)
The nonvanishing irreducible components of the curvature Rij are
(4)Rij =
1
2
εijmkmk
n?bn pG
′ .
and the quadratic curvature invariant vanishes Rij ∗Rij = 0. For details on irreducible
decomposition of torsion and curvature see [15].
The geometric configuration defined by the triad field (2.2) and the connection (3.1)
represents a generalized gravitational plane-fronted wave of GRΛ, or the torsion wave for
short.
3.2 Massive torsion waves
The field equations take the following form [14]:
a0G
′ − a1K ′ = 0 , Λ = 0 ,
K ′′ +m2K = 0 , m2 =
a0(a1 − a0)
b4a1
, (3.1)
with G = S ′ +K and S = H/2. The solution has a simple form:
K = A(u) cosmy +B(u) sinmy ,
1
2
H =
a1 − a0
a0m
(A sinmy −B cosmy) + h1(u) + h2(u)y . (3.2)
4
Disregarding the integration “constants” h1 and h2, the metric and the torsion functions,
H and K, become both periodic in y.
The vector field k = ∂v is the Killing vector for both the metric and the torsion; moreover,
it is a null and covariantly constant vector field. This allows us to consider the solution (3.2)
as a generalized pp-wave.
4 Geodesic motion
In this section we shall examine the geodesic motion of particles in the field of the massive
wave with torsion
Christoffel connection. The non-vanishing components of Christoffel connection are given
by
Γ˜vuu =
1
2
∂uH ,
Γ˜vuy =
1
2
H ′ , Γvyu =
1
2
H ′ ,
Γ˜yuu =
1
2
H ′ . (4.1)
Let us mention that non-trivial contribution to metric function and consequently Christoffel
connection stems from the presence of torsion.
Geodesic equations. The geodesic equation for u takes the expected form
d2u
dλ2
= 0 . (4.2)
Therefore without the loss of generality we can assume u ≡ λ.
The equation for y is given by:
y¨ +
1
2
H ′ = 0 , (4.3a)
or more explicitly:
y¨ +
a1 − a0
a0
(A cosmy +B sinmy) = 0 . (4.3b)
Finally the equation for v reads:
v¨ +
1
2
∂uH +H
′y˙ = 0 , (4.4)
In the special case when H does not explicitly depend on u the equation (4.4) can be
integrated:
v˙ +Hy = C ,
where C is a integration constant. Hence, consequently we get:
v =
∫
(C −Hy)du . (4.5)
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4.1 Exact solutions
Interestingly, the geodesic equations admit the existence of exact solutions in particular
cases. The simplest case is when A(u) and B(u) are constants. In that case (4.3b) can be
rewritten in the form:
1
2
dy˙2
dy
+
a1 − a0
a0
(A cosmy +B sinmy) = 0 .
If we impose initial conditions
y(0) = 0 , y˙(0) = 0 , (4.6)
by integrating the previous equation we obtain:
1
2
y˙2 +
a1 − a0
a0m
(A sinmy −B(cosmy − 1)) = 0 ,
or equivalently:
dy√
A¯ sinmy − B¯(cosmy − 1) = du ,
A¯ :=
2(a0 − a1)
a0m
A , B¯ :=
2(a0 − a1)
a0m
B ,
which after integration yields the following equation for y:
4i
√
2A¯B¯ − (A¯2 + B¯2) cos
my
2
sin2 my
4
m
√
B¯ +
√
A¯2 + B¯2
√
A¯ sinmy − B¯(cosmy − 1)
sin
my
2
√
tan
my
4
×
×F
iArcsinh

√
B¯+
√
A¯2+B¯2
A√
tan my
4
∣∣∣∣∣∣− A¯
2 + 2B¯(B¯ −
√
A¯2 + B¯2
A¯2
 = u , (4.7)
where F (φ|k) represents the eliptic integral of the first kind [16].
The choice A¯ 6= 0, B(u) = 0 yields the following exact solution for y(u)
y(u) = −
2am
(
1
2
√
A¯mu |2
)
m
, (4.8)
where am(z|m) is a Jacobi amplitude function. H does not explicitly depend on u we get
that v is given by the expression (4.5).
The characteristic plots for particle position y and velocity y˙ (for m := 2, A¯ = 1 are
given by
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Figure 1: The plot for the particle position in units m = 2, for A¯ = 1
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Figure 2: The plot for the particle velocity in units m = 2, for A¯ = 1
4.2 Velocity memory effect
The velocity memory effect is present in the case when functions A(u) and B(u) vanish for
large u.
Shockwave case. In the shock wave case when functions A(u) = 0 and B(u) vanishes
exponentially, for example B(u) ∼ e−(u−10)2 numerical solutions of the geodesic equations
lead to the plots for the particle position y and v shown in the Figure 3 and velocity y˙ and
v˙ shown in the Figure 4.
Slow fall off. In the case when A(u) = 0 and B(u) ∼ 1/u numerical solutions lead to the
following plots for the particle position y and v shown in the figure 5 and velocity y˙ and v˙
shown in the Figure 6:
Figure 3: The plot for the particle position y and v in units m = 1, for B¯ = −e−(u−10)2
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Figure 4: The plot for the particle velocity y˙ and v˙ in units m = 1, for B¯ = −e−(u−10)2
Figure 5: The plot for the particle position y and v in units m = 1, for B¯ = −1/u
Figure 6: The plot for the particle velocity y˙ and v˙ in units m = 1, for B¯ = −1/u
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5 Discussion
We studied the geodesic motion in asymptotically flat pp wave space-time and we discovered
the presence of velocity memory effect. The effect is present for the very fast fall-off of the
gravitational wave, as well as for the slow one. Analysis of this paper provides the first
example of memory effect for gravitational waves with torsion. We demonstrated that
torsion waves lead to the memory effect much the same as the torsion-less waves do. This
is, also, the first account of the memory effect in three dimensions to authors knowledge. It
would be interesting to see is there a connection to BMS3 symmetry. Because theory has
no massless modes, without a doubt, we can conclude that there can be no soft particles
responsible for the memory effect. Consequently, the belief that soft particles are responsible
for the velocity memory effect is demonstrated to be incorrect. For the related work on
massive gravity see [17].
Intuitively we can say that memory effect is due to energy transfer. Passing gravitational
wave transfers energy to the test particle which after the passage of the gravitational wave
continues to move with constant velocity, which intensity is dictated by the amount of
energy transferred. Looking at the memory effect in this way we conclude that displacement
memory effect is not possible, except, maybe, in some special cases where the total amount
of transferred energy would be zero. To make this intuitive discussion precise it is required
to define energy in asymptotically flat space-times in a satisfying manner, this is left for
further investigation.
The theory we considered is three-dimensional, while the four-dimensional case is realistic
and relevant for applications. The next step in investigation is to study geodesic motion
for massive gravitational waves with torsion in four dimensions. There we will, definitely,
see is the three-dimensional case exception or velocity memory effect does not depend on
the presence of soft particles. Also, there is a possible difference of memory effect from the
one of gravitational waves without torsion. This will be, possible, experimental set up for
detection of torsion.
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